To model the interdependent couplings of the multiple topics, we develop a set of rules for opinion updates of a group of agents. The rules are used to design or assign values to the elements of interdependent weighting matrices. The cooperative and anti-cooperative couplings are modeled in both the inverse-proportional and proportional feedbacks. The behaviors of cooperative opinion dynamics are analyzed using a Lyapunov candidate. Various consensus properties are predicted according to the intra-agent network topology and interdependency topic topologies.
I. INTRODUCTION
The opinion dynamics under consensus setups has been studied recently. In opinion dynamics under scalar-based consensus laws, the antagonistic interactions in some edges are key considerations [1] - [3] . The antagonistic interactions may represent repulsive or anti-cooperative characteristics between neighboring agents. In traditional consensus, all the interactions between agents are attractive one; so the dynamics of the traditional consensus has a contraction property, which eventually ensures a synchronization of agents. However, if there is an antagonistic interaction, a consensus cannot be achieved and the Laplacian matrix may have negative eigenvalues [4] . Thus, in the existing opinion dynamics, the antagonistic interactions are modeled such that the Laplacian matrix would not have any negative eigenvalues. Specifically, in [1] , signs of adjacent weights are used to model antagonistic interactions resulting in Laplacian matrix with absolute diagonal elements, and in [2] , the author has extended the model of [1] to the one that allows arbitrary time-dependent interactions. In [3] , they have further considered time-varying signed graphs under the setup of the antagonistic interactions. On the other hand, opinion dynamics with state constraints was also examined when the agents are updated with the initial opinion, i.e., with stubborn agents [5] .
Unlikely the scalar-consensus based updates, there also have been some works on opinion dynamics with matrix weighed interactions. Recently, opinion dynamics with multidimensional or multiple interdependent topics have been reported in [6] , [7] . In [6] , multidimensional opinion dynamics based on Friedkin and Johnsen (FJ) model and DeGroot models were analyzed in discrete-time domain. The continuous-time version of [6] with stubborn agents was presented and analyzed in [7] . The DeGroot-Friedkin model was also analyzed to conclude that it has an exponential convergent equilibrium point [8] . Also in [8] , they considered the dynamic network topology to evaluate the propagation property of the social power. Since the topics are interdependent and coupled each other, these works may be classified as matrixweighted consensus problems [9] . Opinion dynamics under leader agents with matrix weighted couplings was studied in [10] .
In this paper, we would like to present a new model for opinion dynamics on multiple interdependent topics under the matrix weighted consensus setup. We first provide a model for characterizing the coupling effects of multiple interdependent topics. We consider both the proportional and inverse proportional feedback effects on diagonal and off-diagonal terms. The cooperative dynamics and non-cooperative dynamics are modeled using the signs of diffusive couplings of each topics. Then, we provide some analytical observations on the convergence or consensus of the topics. Finally, through numerical simulations, we confirm our observations. II. MODELING There are d different topics that may be interesting to the members of a society. Let the set of topics be denoted as T = {1, . . . , d} and let the opinion vector associated with the member i be written as
T . We can write the i-th agent's opinion about the p-th topic as x i,p . Each member has its initial opinion on the topics as
T . The opinion dynamics of agent i can be modeled as
. . .
. .
where A i,j ∈ R d×d is the matrix weighting. The neighborhoods of agents are represented by the interaction graph G. The rules for opinion update are formulated as:
• The diagonal terms. For instance, if a i,j k,k is positive and as it increases, the agreement between x j,k and x i,k speeds up. Otherwise, if a i,j k,k is negative and as it increases to bigger negative value, the anti-agreement between x j,k and x i,k becomes significant.
• The off-diagonal terms. For example, let us consider the effect of a i,j 2,1 . We can consider the following four cases:
, agent i needs to increase the value of x i,2 to reach a consensus to x j,2 . Otherwise, if (x j,2 − x i,2 ) < 0, agent i needs to decrease the value of x i,2 to reach a consensus to x j,2 . So, for the cases 1 and 2, to enhance the agreement tendency, it needs to increase the value of x i,2 , by way of multiplying a i,j 2,1 and (
For the anti-consensus update, a i,j 2,1 should be selected with opposite signs. The effects of diagonal terms can be modeled as follows: Definition 1. Consensus effects in diagonal terms:
• Proportional feedbacks: A close opinion between two agents acts as for increasing the consensus speed between them.
• Inverse proportional feedbacks: A quite different opinion between two agents acts as for increasing the consensus speed between them.
The off-diagonal terms need to be designed carefully taking account of the coupling effects in different topics. The consensus and coupling effects given in the Definition 1 and Definition 2 can be mathematically modeled as follows.
A. Inverse-proportional feedbacks 1) Consensus coupling in diagonal terms:
where k
where
B. Proportional feedbacks 1) Consensus coupling in diagonal terms:
The anti-consensus can be simply modeled by adding the minus sign to the above constants k i,j p,q . Thus, there are four types of couplings: proportional coupling, proportional anti-coupling, inverse proportional coupling, and inverse proportional anti-coupling. The dynamics with anti-consensus terms is called non-cooperative opinion dynamics, while the dynamics without anti-consensus terms is called cooperative opinion dynamics. Note that in existing traditional consensus works, the inverse proportional diagonal terms, i.e., (2) , are only used for the consensus couplings.
If a coupling between two topics is a function of both opinions, we further modify the proportional feedback (5) slightly as:
Thus, with the model (6), the Laplacian matrix is of symmetric.
The dynamics (1) can be concisely rewritten as:
where the Laplacian is computed as
In the case of the proportional couplings modeled by (5), we can see that
which means that in general A
we can see that A i,j = A j,i . However, with (9) and (10), the Laplacian matrix L is not symmetric. On the other hands, in the case of the inverse-proportional feedback laws, we can see that a
q,p , and a i,j p,q = a j,i p,q . Then, the Laplacian matrix L is of symmetric. Consequently, for the inverse-proportional consensus couplings, we can rewrite (1) as:
where sgn
If there are some inverse-proportional anti-consensus couplings between some topics, then some elements in (11) will have negative signs. For example, if the 1-st topic and 2-nd topic are anti-consensus coupled, then the terms sgn
need to be modified as −sgn
2,1 . But, in this case, the Laplacian matrix L may have negative eigenvalues; thus, the stability or convergence may not be ensured any more. Thus, in this paper, we focus on only the cooperative opinion dynamics. Definition 4. Two members i and j are considered connected if A i,j is not identically zero, i.e., A i,j = 0. If there is a spanning tree in the network, it is called connected. For a topic p ∈ T , the graph is called p-connected if the elements of the set {a i,j p,p , ∀(i, j) ∈ E} are connected for the topic p. The topology for the topic p is defined by the graph G p , where p ∈ T . If it is p-connected for all topics p ∈ T , it is called all-topic connected.
Definition 5. For the edge (i, j), let the topology of interdependency among topics be denoted as
, then the interdependency topologies of the society are equivalent. If all the interdependency topologies between members are equivalent, it is called homogeneous interdependency. Otherwise, it is called heterogeneous interdependency.
When the underlying graph topology is homogeneous, the topic interdependency graph is simply written as G T .
III. OBSERVATIONS First, we consider the inverse-proportional feedbacks modeled by (2) and (3). Let us take the Lyapunov candidate V = 1 2 x 2 , which is radially unbounded and continuously differentiable, for the inverseproportional feedbacks. The derivative of V is computed as:
Since a
SinceV = 0 if and only if x j,p = x i,p for all topics, i.e., ∀p ∈ T , the opinion consensus is achieved, which is summarized as follows:
Observation 1. Let us suppose that the underlying graph topology G is all-topic connected, i.e, G p are p-connected for all p. Then, a complete opinion consensus is achieved.
Proof. To makeV = 0, it is required to have φ = 0 and ψ = 0. Since G is all-topic connected, φ = 0 implies ψ = 0. But, ψ = 0 does not imply φ = 0. Thus, it is true thatV = 0 if x j,p = x i,p for all topics and for all (i, j) ∈ E. Suppose that there exists an edge such that x j,p = x i,p for a specific topic p. Then,V = 0. Thus,V = 0 only if x j,p = x i,p for all topics and for all (i, j) ∈ E. Consequently, the set D = {x : x j,p = x i,p , ∀i, j ∈ V, ∀p ∈ T } is the largest invariant set. Finally, by the Barbalat's lemma, the proof is completed.
Remark 1. It is remarkable that the above observation is true for both the homogeneous interdependency and heterogeneous interdependency networks, as far as the topology G is all-topic connected.
Remark 2. It is noticeable that the condition of Observation 1 is only a sufficient condition for a complete consensus. Thus, we may be able to achieve a complete opinion consensus even if the network is not alltopic connected. Let us suppose that two topicsp andq are not p-connected. For example, the two topics are not directly connected at the edge (ī,j). Since the overall network is connected, there must be terms such as k¯i ,j p,q |xj ,p − xī ,p ||xj ,q − xī ,q | in ψ. Thus, to makeV = 0, it is required to have either |xj ,p − xī ,p | = 0 or |xj ,q − xī ,q | = 0. Therefore, even if the two topicsp andq are not p-connected, the neighboring agents i andj may reach a consensus. We will illustrate this case by an example in the simulation section.
From the equation (13), we can see that if ψ = 0, then it is a typical scalar weighted consensus dynamics, while if φ = 0, then there is no coupling in the same topics among agents. In the case of ψ = 0 with k i,j p,q = 0 whenever p = q, it is still true thatV = 0 if and only if x j,p = x i,p ; thus, the typical consensus is achieved. Let φ = 0, with k i,j p,p = 0 for all p. There are some undesired equilibrium cases.
For example, let there exist paths from the topic node 1 to all other topic nodes. That is, the graph is a star graph with root node 1. Then,V , with φ = 0, can be changed as:
So, if |x j,1 − x i,1 | = 0 for all (i, j) ∈ E, then we haveV = 0. Thus, for a star graph, if the root topic has reached a consensus, all other topics may not reach a consensus. Actually, when φ = 0, a complete consensus is not achieved, due to the following reason: The above claim implies that a complete opinion consensus for all topics is not ensured for general graphs, when φ = 0. Also under the condition of φ = 0, when the interdependency graphs are not complete graphs, it is likely that more than one topics would not reach consensuses. Thus, for a complete opinion consensus, it is required to have φ = 0.
Observation 2. Consider a homogeneous interdependency network. Let φ = 0; but k i,j p,p = 0 for some p ∈ T , ∀(i, j) ∈ E. Then, a complete opinion consensus is not ensured.
Proof. Let us divide the set T as T
Then, for all the topics p ∈ T • , we need to have |x j,p − x i,p | = 0 to makeV = 0. Then, to make ψ = 0, it is required to k i,j p,q |x j,p − x i,p ||x j,q − x i,q | = 0 when p ∈ T
• and q ∈ T × , or k i,j p,q |x j,p − x i,p ||x j,q − x i,q | = 0 when p, q ∈ T × . For the former case, since |x j,p − x i,p | = 0, it does not need to have |x j,q − x i,q | = 0. Thus, for the topics q ∈ T × , a consensus may not be achieved. For the latter case, due to the same reason as the proof of Claim 1, there will be some topics that do not reach a consensus.
The Observation 1 and Observation 2 lead a conclusion that each topic needs to be p-connected to have a complete consensus. However, as remarked in Remark 2, it is not argued that the p-connection for all topics, i.e., all-topic connected, is the necessary and sufficient condition for a complete opinion consensus. From the equation (13), we can infer that the interdependent couplings between topics are required to speed up the opinion consensus. So, to have an opinion consensus on a topic, the members of the society need to discuss directly on the same topic. But, if they have some opinion couplings with other topics, the consensus of the topic may be achieved more quickly.
Next, let us consider the proportional feedbacks modeled by (4) and (5) . For the proportional feedbacks, using the same Lyapunov candidate V = 1 2 x| 2 , for (5), we can obtain the derivative of V as:
or for (6),
Since the denominator of the right-hand side of (16) and (17) is always positive, the equilibrium set foṙ V = 0 is decided if and only if |x j,p − x i,p ||x j,q − x i,q | = 0 for all p, q ∈ T . Consequently, we have the same results as the inverse-proportional feedback updates.
Observation 3. Let us consider general heterogeneous interdependency networks, i.e., G i 1 ,j 1 = G i 2 ,j 2 for some edges (i 1 , j 1 ) = (i 2 , j 2 ). If some topics are not p-connected, then a complete opinion consensus is not ensured.
Proof. Let us suppose that there is no direct interaction between agentsj andī, on a specific topicp. Then, in φ of (13), the term (xj ,p − xī ,p ) 2 is missed. But, the term |xj ,p − xī ,p | may be included in ψ in the form of |xj ,p − xī ,p ||xj ,p − xī ,p | if there are interdependency between the topicp and any other topics p. If there is a direct coupling on the topic p between agentsj andī, then the term |xj ,p − xī ,p | will be zero; thus, |xj ,p − xī ,p | does not need to be zero to makeV zero. Or, if there is no direct coupling on the topic p between agentsj andī, still either |xj ,p − xī ,p | or |xj ,p − xī ,p | does not need to be zero also. Thus, a complete opinion consensus is not ensured.
The results of Observation 2 and Observation 3 leave a question of clustered opinions. Let us consider a network depicted in Fig. 1 . From the term φ in (13), all the topics between agents 1 and 2, and all the topics between agents 3 and 4 reach opinion consensus. Due to the interdependency couplings between agents 2 and 3, we have the interdependency terms as
3,2 |x 2,3 − x 3,3 ||x 2,2 − x 3,2 | Thus, by Barbalat's lemma, to makeV zero, we need to have ψ = 0. From the above equation, for example, if |x 2,2 − x 3,2 | = 0, then ψ becomes zero. The largest invariant set for havingV = 0 is obtained
where the desired set is given
and undesired set is given as
In the undesired set, the opinions of agents 2 and 3 may be related as (i) x 2,2 = x 3,2 , but x 2,1 = x 3,1 and x 2,3 = x 3,3 , (ii) x 2,2 = x 3,2 , but x 2,1 = x 3,1 and x 2,3 = x 3,3 , (iii) x 2,3 = x 3,3 , but x 2,1 = x 3,1 and x 2,2 = x 3,2 , or (iv) x 2,1 = x 3,1 , but x 2,2 = x 3,2 and x 2,3 = x 3,3 . Thus, a part of opinions reaches a consensus, while a part of opinions may reach clustered consensus. It is clear that if there are some topics that are p-connected, then a complete clustered consensus cannot take place. Also, even though the network is not p-connected for all p, if the network is connected, then a complete clustered consensus is not ensured since the connected neighboring topics would reach a consensus. Thus, a complete opinion consensus rarely occurs as far as the network is connected. But, the partially connected clustered consensus would occur easily if it is not all-topic connected. In fact, if the network is not all-topic connected, the network would have opinion-based clustered consensus. It means that if agents of network are connected, some opinions would be agreed among agents, but some opinions would be divided into clusters. Or, most of opinions would be clustered, depending on network topology G and the topic topologies G p .
Observation 4.
Suppose that a network is connected. Even though φ = 0, a complete clustered consensus is not ensured.
Proof. Due to the term ψ including |x j,p − x i,p ||x j,q − x i,q |, at least one of the topics p and q needs to be agreed. Thus, a complete clustered opinion consensus does not occur. Now, with the statements of Observation 2, Observation 3 and Observation 4, we can see that if members of a society are not all-topic connected, but just connected, then both a complete opinion consensus and complete clustered consensus are not ensured. For a complete opinion consensus, agents may need to couple in the topics directly between neighboring agents, and for a complete clustered consensus, agents may need to cut any connections with neighboring agents of other cluster.
Remark 4. It is remarkable that the Laplacian matrix L has the property of (v
T is one of the equilibrium points forV = 0. But, as analyzed in [9] , the diffusive coupling terms x j −x i in (1) may satisfy the condition x j −x i ∈ Null(A i,j ), when A i,j is of positive semidefinite. Thus, Null(L) could be larger than the trivial consensus manifold
Further analysis on the property of L remains as a future work.
IV. SIMULATIONS
Let us consider five agents with the underlying network topology as depicted in Fig. 2 . The initial opinions of agents are given as x 1 = (1, 2, 3) T , x 2 = (2, 4, 4)
T . The initial opinions of agents for the three topics are different each other. As the first example, let the interdependency topic topologies for each edge be given as: Since all the topics are p-connected, it is an all-topic connected network. Also, since the interdependency matrices for all edges are equivalent, it is a homogeneous network. For the above matrix weights, as expected, the topics of agents reach a complete opinion consensus (see Fig. 3 ). Next, let us change the matrix A 3,4 as
In this case, the topic 1 and 2 are not p-connected, although the underlying network is connected. Fig. 4 shows that the topic 1 does not reach a consensus, while the topic 2 still reaches a consensus. In the topic 1, agents 3, 4 and 5 reach a consensus, while agents 4 and 5 reach a consensus. But, when the matrix A 3,4 is changed again as 
In this case, the network is not all-topic connected. As shown in Fig. 5 , the topics 1 and 3 do not reach a consensus, while the topic 2 reaches a consensus. But, when the matrices A 2,3 and A 1,3 are changed again as
all the topics reach a complete opinion consensus as depicted in Fig. 6 . As shown in Fig. 6 , although it is not all-topic connected, the agents reach a complete opinion consensus. Next, let us consider φ = 0 and G i,j ∀(i, j) ∈ E are complete graphs. Fig. 7 shows the simulation result. All the topics do not reach a consensus.
V. DISCUSSIONS From the observations and simulations, it is clear that if it is all-topic connected cooperative network, a complete opinion consensus is achieved. But, it is not an only if condition. As shown in Fig. 6 , although it is not all-topic connected, a complete opinion consensus is achieved. Thus, it is clear that the all-topic connected network is a sufficient condition for complete opinion consensus as argued in Observation 1. Topic 1 (i.e., xi,1, i = 1, . . . , 5) . Center -Topic 2 (i.e., xi,2, i = 1, . . . , 5). Right -Topic 3 (i.e., xi,3, i = 1, . . . , 5). But, also as shown in Fig. 4 and Fig. 5 , when it is not all-topic connected, a complete opinion consensus does rarely occur. Consequently, we can argue that -A complete opinion consensus for all topics would occur when the agents are coupled on the topics directly with neighboring agents. -A complete opinion consensus still may occur even if the agents are coupled on the different topics (i.e., interdependency couplings) with neighboring agents. As commented in the simulation section, when A 3,4 has been changed from (18) to (19), a complete opinion consensus has been achieved. As also shown in Fig. 7 , the topics may reach clustered consensuses when there is no direct coupling between the same topics. But, a complete clustered consensus does not occur as far as the network is connected. Thus, we can argue that -When the agents of the network are coupled in a cooperative way, and the network is connected, the agents do not separate completely; rather they are still agreed in some topics between neighboring agents. Thus, to make a society to be homogeneous (same opinions on the various topics), it is required to have direct couplings on the topics or to have more interdependency couplings. -If there is less direct coupling on the topics, the agents may reach a consensus on some topics only within local clusters.
VI. CONCLUSION The cooperative opinion dynamics on multiple interdependent topics may be considered as a consensus problem of multi-layer networks. Each topic can be considered as a basic layer and the term a i,j p,q may describe a cross-layer connection between the layer p and layer q, and between agent i and agent j. The basic layer is the direct connections that are essential for achieving a consensus on this layer. This paper shows that the opinion dynamics with multiple interdependent topics, which is the consensus dynamics in multi-layer networks, possesses some new properties different from the usual consensus in one layer. Clustering happens quite often, even though the number of connections between agents is large. Adding a direct connection a i,j p,p forces a consensus between agents i and j on the topic p. On the other hand, adding a set of cross-layer connections {a i,j p,q } q =p,q=1,...,d may not so significantly helpful for the agents i and j to reach a consensus on topic p. But, from simulations, it is shown that the cross-layer connections are still beneficial for a consensus on the topics. It is also observed that determining clustering may be related to considering a large number of graphs arising from cross-layer interconnections. In our future efforts, we would like to provide mathematical analyses on the convergence of the Laplacian dynamics (7) and would like to evaluate the polarization phenomenon of bipartite graphs under the setup of multiple interdependent couplings, which may be a general one of [1] , [2] in multidimensional spaces.
